Abstract: Let L be a Lie superalgebra over a field of characteristic different from 2, 3. Write ID * (L) for the Lie superalgebra consisting of superderivations mapping L to L 2 and central elements to zero. In this paper we first give an upper bound for the superdimension of ID * (L). Then we characterize the ID * -superderivation algebras for nilpotent Lie superalgebras of class 2 and model filiform Lie superalgebras.
Introduction and preliminaries
In 2015, H. Arabynai and F. Saeedi studied derivation algebras of Lie algebras and proposed the notion ID * -derivations of Lie algebras [AS15] . A ID * -derivation of a Lie algebra L is a derivation sending L into L 2 and Z(L) to zero, where L 2 and Z(L) are the derived algebra and center of L, respectively. All the ID * -derivations of a Lie algebra constitute a subalgebra of the full derivation algebra, which contains the inner derivation algebra.
The notion of ID * -derivations may be naturally generalized to Lie superalgebra case. In this paper, we first give an upper bound for the superdimension of the ID * -superderivation algebra for a Lie superalgebra L in terms of superdimension of L 2 and the minimal generator number pair of L/Z(L), where L 2 and L/Z(L) are the derived algebra and central quotient of L, respectively. Then we show that the minimal generator number pairs are unique for finitedimensional nilpotent Lie superalgebras. Finally, we characterize the ID * -superderivation algebras of nilpotent Lie superalgebras of class 2 and model filiform Lie superalgebras, which prove that the upper bound we obtained for the superdimension of the ID * -superderivation algebra for a Lie superalgebra L is sharp.
Let F be the ground field of characteristic different from 2, 3 and Z 2 := {0,1} be the abelian group of order 2. For a homogeneous element x in a vector superspace (superspace for short) V = V0 ⊕ V1, write |x| for the parity of x. In this paper the symbol |x| implies that x has been assumed to be a homogeneous element.
In Z × Z, we define a partial order as follows:
For m, n ∈ Z, we write |(m, n)| = m + n. We also view Z × Z as an additive group in the usual way.
Write sdimV for the superdimension of a superspace V and dim V for the dimension of V as an ordinary vector space. Note that dim V = |sdimV |.
A linear map of parity
for all x, y ∈ L. Denote by Der α (L) the set of all the superderivations of parity α of L,
As in Lie algebra case, a superderivation of Lie superalgebra L is called an ID-superderivation if it maps L to the derived subsuperalgebra [AS15] . Denote by ID(L) the set of all IDsuperderivations of L,
Denote by ID * (L) the set of all IDsuperderivations mapping all central elements to 0,
2. An upper bound for the superdimension of ID * (L)
To describe the upper bound for the superdimension of ID * -superderivation algebra, we need the concept of minimal generator number pairs for a Lie superalgebra. As usual, we write {x 1 , · · · , x p | y 1 , . . . , y q } implying that x i is even and y j is odd in a superspace. Definition 2.1. A generator set of a Lie superalgebra L,
is said to be minimal if L can not be generated by any subset
For finite-dimensional nilpotent Lie superalgebras, the minimal generator number pairs are unique (see Proposition 3.3). However, this does not necessarily hold in general.
For a subalgebra K of L and a pair of nonnegative integers (p, q), write λ(K; p, q) for the number pair
The following theorem gives an upper bound for the superdimension of ID * (L).
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Clearly, φ is an injective linear map. Therefore
Similarly,
is an injective linear map and then
It follows from (2.1) and (2.2) that sdimID
Nilpotent Lie superalgebras of class 2 and model filiform Lie superalgebras
Let L be a Lie superalgebra over
Clearly, a Lie superalgebra is of class 1 if and only if it is abelian. We should mention that nilpotent Lie (super)algebras of class 2 are of particular interest in both mathematics and physics.
We also use the notion of super-nilindex for a Lie superalgebra
On ID * -superderivations of Lie superalgebras 4 where α ∈ Z 2 and k ≥ 0. If L is nilpotent, a pair (p, q) of nonnegative integers is called the super-nilindex of L, if
Clearly, a Lie superalgebra is of super-nilindex (1, 1) if and only if it is abelian with nontrivial even and odd parts. A nilpotent Lie superalgebra of superdimension (n + 1, m), where n and m are positive integers such that n + m > 2, is said to be filiform if its super-nilindex is (n, m) (see [N16] , for example).
Let L n,m be a Lie superalgebra with basis
and multiplication given by
It is easy to prove that L n,m is a filiform Lie superalgebra, which is called the model filiform Lie superalgebra of super-nilindex (n, m)(see [N16] , for example). We should mention that any filiform Lie superalgebra is a deformation of a model one in some sense (see [G04] for more details).
Among nilpotent Lie superalgebras of class 2, very interesting ingredients are the so-called generalized Heisenberg Lie superalgebras (see [NJ18] for non-super case).
Definition 3.1. A nonzero Lie superalgebra H is called a generalized Heisenberg Lie superalgebra if H 2 = Z(H).
We note that a Heisenberg Lie superalgebra is a generalized Heisenberg Lie superalgebra with center of dimension 1 (see [RSS11] for more details). Before considering ID * -superderivation algebras of generalized Heisenberg Lie superalgebras, let us point out that the minimal generator number pairs of nilpotent Lie superalgebras are unique. To prove this fact, we need a fact as in the Lie algebra case (see [M67, Corollary 2], [T73, Lemma 2.1]).
The proof is complete. Now we are position to determine the ID * -superderivation algebras of generalized Heisenberg Lie superalgebras. Then by (3.3), we have sdimID
The proof is complete.
We should mention that here are many related researches on Heisenberg Lie superalgebras. For example, one may find a study on the cohomology of Heisenberg Lie superalgebras with coefficients in the trivial module [BL17] .
Let us consider the ID * -superderivation algebras of nilpotent Lie superalgebras of class 2. As in Lie algebra case, a nilpotent Lie superalgebra of class 2 is a direct sum of a generalized Heisenberg Lie superalgebra and an abelian Lie superalgebra [NJ18] : 
On the other hand, since 
Then
(1) ID * (L) is isomorphic to the Lie superalgebra consisting of matrices
where A, B, C and D are arbitrary matrices of formats
Therefore, one sees that ID * (L) ∼ = ID * (H). Then our theorem follows from Proposition 3.4.
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Finally, Let us consider the ID * -superderivation algebras of model filiform Lie superalgebras. By Proposition 3.3, we have the following corollary. is (2, 1) .
n,m be a model filiform Lie superalgebra with a basis of (3.1).
is isomorphic to the Lie superalgebra consisting of matrices
where
L) is isomorphic to the Lie superalgebra consisting of matrices
a n−1,1 a n−1,2 a n−2,2 · · · a 1,2
with a ij arbitrary elements in F.
where 
where A is of form (3.7), B is of form (3.5), C is of form 
where D is of form (3.6). Therefore dimID * 1 (L) = m − 1. Then by (3.12), we have sdimID
Case 2: n > m = 1. Then 
It follows from Corollary 3.7 that (2, 1) is the minimal generator number pair of L/Z(L) and λ(L 2 ; 2, 1) = (2n + m − 3, 2m + n − 3). where C is of form (3.10) and D is of form (3.11). Therefore, dimID * 1 (L) = 2m + n − 3. Then by (3.15), we have sdimID * (L) = λ(L 2 ; 2, 1).
For a more detailed description of the first cohomology group of model filiform Lie superalgebra with coefficients in the adjoint module, the reader is referred to [LY18] 
